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ABSTRACT. – In this note we compute the weighted Bergman kernel of the unit ball
with respect to the smallest norm in Cn that extends the euclidian norm in Rn. We
establish the regularity properties of the corresponding weighted Bergman projection and
give some applications. Ó Elsevier, Paris
1. Introduction
Let B∗ be the domain in Cn, n> 2, defined by
B∗ := {z ∈ Cn: |z|2 + |z • z|< 1},
where z •w :=∑nj=1 zjwj . This is the unit ball with respect to the norm
N∗(z) :=
√
|z|2 + |z • z|, z ∈Cn.
The norm N := N∗√2 was introduced by Hahn and Pflug [3], and was
shown to be the smallest norm in Cn that extends the euclidian norm in
Rn under certain restrictions. The automorphism group of B∗ is compact
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and its identity component is Aut0O(B∗)= S1 · SO(n,R), where the S1-
action is diagonal and the SO(n,R)-action is the matrix multiplication,
see [6] or [11]. Thus, for n> 3, B∗ is not biholomorphic to any Reinhardt
domain. For n= 2, B∗ is linearly biholomorphic to the Reinhardt triangle
{(z1, z2) ∈C2: |z1| + |z2|< 1}. The ball B∗ is singular at all its boundary
points z that satisfy z • z = 0. The set of all such points consists of
(2n − 3)-dimensional real manifold. The regular part of the boundary
of B∗ consits of strictly pseudoconvex points.
For each s >−1, let vs denote the measure on B∗ defined by dvs(z) :=
(1− N2∗ (z))s dv(z), where v denotes the normalized Lebesgue measure
on B∗. Let A2s (B∗) be the Hilbert space of all holomorphic functions on
B∗ which are square integrable with respect to the measure vs and denote
by Ks,B∗(z,w) its reproducing kernel.
The main purpose of this paper is to compute the weighted Bergman
kernel of the ball B∗ and show that, unlike the case of smooth domains,
the regularity of the weighted Bergman projection on B∗ depends on the
fact that the boundary of B∗ has singular points.
Our first main result is the following
THEOREM A. – The Bergman kernel of the weighted Bergman space
A2s (B∗) is given by the formula
Ks,B∗(z,w)=
1
(n2 + n− s)vs(B∗)
A(1− z •w,z • zw •w)
{(1− z •w)2 − z • zw •w}n+1+s ,
where
A(X,Y )=
∞∑
k=0
(
n+ s + 1
2k + 1
)
Xn+s−2k−1Y k
×
[
2(n+ s)X− (n+ 1+ 2s)(n+ s − 2k)
n+ s + 1 (X
2 − Y )
]
,
with (
n+ s + 1
2k + 1
)
= (n+ s + 1)(n+ s) · · · (n+ s − 2k + 1)
(2k + 1)! .
In particular, if s is a nonnegative integer, then
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A(X,Y )=
[
n+s
2
]∑
k=0
(
n+ s + 1
2k + 1
)
Xn+s−2k−1Y k
×
[
2(n+ s)X− (n+ 1+ 2s)(n+ s − 2k)
n+ s + 1 (X
2 − Y )
]
,
where [n+s2 ] is the greatest integer smaller than or equal to n+s2 .
Otherwise, if s >−1 and s is not an integer, then
A(X,Y )=
∞∑
k=0
0(n+ s + 2)
(2k + 1)!0(n+ s + 1− 2k)X
n+s−2k−1Y k
×
[
2(n+ s)X− (n+ 1+ 2s)(n+ s − 2k)
n+ s + 1 (X
2 − Y )
]
.
The particular case s = 0 was proved recently by K. Oeljeklaus, P.
Pflug and the second author [10] using a result of J.J. Leob [8]. The
approach we use herein to establish the general case is new, purely
analytical and does not appeal to the Lie group theory machinery. In
addition we give an explicit orthonormal system which allows us to prove
integral estimates for the weighted Bergman kernel of the minimal ball
and then obtain the regularity properties of the Bergman projection.
More precisely, for each s >−1 and p > 1, let Lp(B∗, |z • z| p−22 dvs)
the Banach space of all functions on B∗ which are Lp-integrable with
respect to the measure |z • z| p−22 dvs(z). We denote by Aps (B∗) the space
of all holomorphic functions on B∗ which are in the space Lp(B∗,
|z • z| p−22 dvs). We shall show that the spaces Aps (B∗) furnished with the
norm of Lp(B∗, |z • z| p−22 dvs) are Banach spaces.
When p= 2, the weighted Bergman projection Ps,B∗ from L2(B∗, dvs)
into A2s (B∗) is the integral operator given by
(Ps,B∗f )(z) :=
∫
B∗
Ks,B∗(z,w)f (w)dvs(w), f ∈L2(B∗, dvs).
This is the orthogonal projection from L2(B∗, dvs) onto A2s (B∗). Our
second main result is the following
THEOREM B. – Let 1 6 p <∞. If 0 < λ + 1 < p(s + 1) then the
Bergman projection Ps,B∗ is bounded from Lp(B∗, |z • z|
p−2
2 dvλ) into
Apλ(B∗).
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As a consequence of this result, we obtain Corollary C.
COROLLARY C. – For every 16 p <∞ and λ> 0, there is a positive
constant Mλ,p <∞ such that, for all f holomorphic in B∗ and f (0)= 0,
we have∫
B∗
|z • z| p−22 ∣∣f (z)∣∣p dvλ(z)6Mλ,p ∫
B∗
|z • z| p−22 ∣∣Ref (z)∣∣p dvλ(z).
This corollary shows that Lp-theory for holomorphic functions on B∗
is completely different from this theory on smooth domains. In fact if Ω
is a smooth bounded domain in Cn and if f is a holomorphic function
on Ω , then the Lp-norm of f with respect the Lebesgue measure is
controlled by that of Ref . See Théorème 2 of Detraz [2] or Corollary
2.3 of Boas and Straube [1]. However, in the case of the minimal ball
B∗, Corollary C shows that a similar controll holds with the extra weight
function |z • z| p−22 , which is reflected by the singularity of B∗.
Remark. – As noticed in [10], the domain B∗ is the first bounded
domain in Cn which is neither Reinhardt nor homogeneous, and for
which we have an explicit formula for its Bergman kernel.
2. Integral formulas and preparatory lemmas
Let
H=Hn := {z ∈Cn+1 \ {0}: z • z= z21 + · · · + z2n+1 = 0}.
Denote by Sn the n-dimensional sphere in Rn+1. It is well-known that H
can be identified with the cotangent bundle to Sn minus its zero section.
We set
M= {z ∈H: |z|< 1}.
Then O(n + 1,R) acts transitively on ∂M. Thus there is a unique
O(n + 1,R)-invariant measure µ on ∂M satisfying µ(∂M) = 1. This
measure is induced by the Haar measure of O(n + 1,R). Let σ =
σn denote the rotation invariant probability measure on Sn and for
each nonnegative integer k, denote by Hk(Sn) the Hilbert subspace of
L2(Sn, σ ) consisting of spherical harmonics of degree k. Let Pk(M) be
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the space of k-homogeneous polynomials on M. For each z ∈ M and
f ∈L2(Sn, σ ), set
fˆ (z) :=
∫
Sn
f (ζ ) e〈z,ζ 〉 dσ (ζ ).
It is known [4,14] that Pk(M) is spanned by a finite number of
polynomials of the form z 7→ (z • ζ )k, where ζ ∈ Sn. In addition, the
mapping f 7→ fˆ is a linear isomorphism from Hk(Sn) onto Pk(M) that
satisfies
̂Pk,n(η • ·)(z)= (z • η)
k
k!N(k,n), for z ∈M, η ∈ S
n,
̂(· •w)k(z)= 0(
n+1
2 )
2k0(k + n+12 )
(z •w)k, for z,w ∈M,
(2.1)
where Pk,n is the Legendre polynomial of degree k in dimension n+ 1.
Furthermore, for all nonnegative integers k, l and all polynomials f ∈
Hk(Sn), g ∈Hl(Sn) we have
∫
∂M fˆ (z)gˆ(z) dµ(z)
=D(k,n) ∫Sn f (ζ )g(ζ )dσ (ζ ), if k = l,∫
∂M fˆ (z)gˆ(z) dµ(z)= 0, as long as l 6= k,
(2.2)
where
D(k,n)= 1
2k
0(n+12 )
k!0(k + n+12 )N(k, n)
and
N(k,n)= (2k + n− 1)(k + n− 2)!
k!(n− 1)! .
These identities, combined with the Funke–Hecke theorem [9, p. 20],
imply that ∫
∂M
(z •w)k(ξ •w)k dµ(w)= (z • ξ)
k
N(k, n)
,(2.3)
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(z •w)k(ξ •w)l dµ(w)= 0, if l 6= k(2.4)
for all z ∈M, ξ ∈ Cn+1. This shows that if f ∈Pk(M) and z ∈M, then∫
∂M
f (w)(z •w)k dµ(w)= f (z)
N(k, n)
.(2.5)
It was proved in [10] that there is a unique (up to a multiplicative
constant) SO(n + 1,C)-invariant holomorphic form α on H. The
restriction of this form to H ∩ (C \ {0})n+1 is given by
α(z)=
n+1∑
j=1
(−1)j−1
zj
dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn+1.
Moreover, in the open set Uj = {z ∈H: zj 6= 0} we have
α(z)= (n+ 1)(−1)
j−1
zj
dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn+1.(2.6)
Define the following 2n− 1 form on ∂M by
ω(z)(V1, . . . , V2n−1)= α(z)∧ α(z)(z,V1, . . . , V2n−1),
when z ∈ ∂M and (V1, . . . , V2n−1) ∈ Tz∂M. Since z is orthogonal to
Tz∂M in TzM, the form ω is a volume form on Tz∂M. Since α ∧ α
is SO(n + 1,C)-invariant, the form ω is also SO(n + 1,C)-invariant.
Therefore the measure on ∂M induced by ω is proportional to µ. We
set ω(∂M)= ∫∂Mω. Then we have the following
LEMMA 2.1. – For any C∞-function f on H, we have∫
H
f (z)α(z)∧ α(z)=
+∞∫
0
∫
∂M
t2n−3f (tξ) dt ∧ ω(ξ)
=ω(∂M)
+∞∫
0
t2n−3
∫
∂M
f (tξ) dµ(ξ) dt
provided that the integrals make sense.
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Proof. – Consider the mapping g : ]0,+∞[×Cn+1→Cn+1 defined by
g(t, z) := tz. For each j = 1, . . . , n+ 1, let
ωj(z)= dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn+1.
We have
α(z)∧ α(z)=
n+1∑
j,k=1
(−1)j+k
zj zk
ωj (z)∧ωk(z).
Thus
g∗(α ∧ α)(t, z)=
n+1∑
j,k=1
(−1)j+k
t2zjzk
g∗(ωj )(t, z)∧ g∗(ωk)(t, z).
One can show by induction that
g∗(dzr ∧ · · · ∧ dzs)= t s−r+1d zr ∧ · · · ∧ dzs
+ t s−r
s∑
p=r
(−1)p−rzp dt ∧ dzr ∧ · · · ∧ d̂zp ∧ · · · ∧ dzs
for all positive integers r, s such that r < s. This shows that
g∗ωj = tnωj + tn−1 dt
∧
(
j−1∑
p=1
(−1)p−1zpωpj +
n+1∑
p=j+1
(−1)pzpωjp
)
,(2.7)
where
ωpj(z)= dz1 ∧ · · · ∧ d̂zp ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn+1.
Similarly, we have
g∗ωk = tnωk + tn−1 dt
∧
(
k−1∑
p=1
(−1)p−1zpωpk +
n+1∑
p=k+1
(−1)pzpωpk
)
.(2.8)
Set
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ω˜jk(z) :=
j−1∑
p=1
(−1)p−1zpωpj(z)∧ωk(z)
+
n+1∑
p=j+1
(−1)pzpωjp(z)∧ ωk(z)
+
k−1∑
q=1
(−1)n+q−1zqωj (z)∧ωqk(z)
+
n+1∑
q=k+1
(−1)n+qzqωj (z)∧ωkq(z).
Using (2.7) and (2.8), a little computing shows that
g∗(ωj)(tz)∧ g∗(ωk)(tz)= t2n−1dt ∧ ω˜jk(z),
from which we obtain
g∗(α ∧ α)= t2n−3dt ∧
n+1∑
j,k=1
(−1)j+k
zj zk
ω˜jk(z).
On the other hand, for all z ∈ ∂M and (V1, . . . , V2n−1) ∈ Tz∂M,
ω(z)(V1, . . . , V2n−1)=
[
n+1∑
j,k=1
(−1)i+j
zj zk
ωj ∧ωk
]
(z,V1, . . . , V2n−1).
Also, if z= (z1, . . . , zn) and V0 = (z1, . . . , zn, z1, . . . , zn), then we have
ωj ∧ωk(z)(z,V1, . . . , V2n−1)= det(V0, . . . , V2n−1).
Expanding the determinant in terms of cofactors along the first column
yields
ωj(z)∧ωk(z)(z,V1, . . . , V2n−1)= ω˜jk(z)(z,V1, . . . , V2n−1).
This shows that
ω(z)=
n+1∑
j,k=1
(−1)j+k
zj zk
ω˜jk(z)
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and
g∗(α ∧ α)= t2n−3 dt ∧ω(z).
Now the first equality of the lemma follows since g induces a C∞-
diffeomorphism from ]0,1[×∂M onto M.
We prove the second equality of the lemma by normalization. 2
LEMMA 2.2. – If f ∈Hol(M) is a homogeneous polynomial of degree
k and z ∈M, then
f (z)= C(s, k, n)
∫
M
(z •w)kf (w)(1− |w|2)sα(w)∧ α(w),
where
C(s, k, n) := 2(2k + n− 1)0(s + n+ k)
ω(∂M)(n− 1)!k!0(s + 1) .
Proof. – In view of Lemma 2.1 and by homogeneity of f , we have∫
M
(z •w)kf (w)(1− |w|2)sα(w)∧ α(w)
= ω(∂M)
1∫
0
(
1− t2)s t2n−3+2k dt ∫
∂M
(z • ζ )kf (ζ ) dµ(ζ ).
This, combined with (2.5), gives that
f (z)= N(k,n)
∫
M(z •w)kf (w)(1− |w|2)sα(w)∧ α(w)
ω(∂M)
∫ 1
0 (1− t2)s t2n−3+2k dt
=C(s, k, n)
∫
M
(z •w)kf (w)(1− |w|2)sα(w)∧ α(w).
2
3. The weighted Bergman kernel of M
LEMMA 3.1. – If f ∈ Hol(M) then there exist homogeneous polyno-
mials fk of degree k such that
f =
∞∑
k=0
fk,
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where the series is convergent uniformly on compact sets of M.
Proof. – Let B := {z ∈ Cn+1: |z| < 1} denote the open unit ball in
Cn+1. Then X :=M∪ {0} = {z ∈ B: z • z= 0} is a complex hypersurface
in B. In addition the set X× of singular points of X is just the singleton
{0} and the set of regular points of X is M. In particular, 0 is an isolated
singularity of X and thus dim0X× = 0 6 n− 2, since n > 2. It follows
from part (d) of Theorem 1B in [15, p. 251]) (see also [7, pp. 314–
315]) that 0 is a normal singular point in X considered as a complex
space. Since each regular point of X is also normal it follows that X is
a normal complex space. By the second Riemann removable sigularity
theorem (see [7, p. 307]) we see that every function f ∈ Hol(M) can
be extended uniquely to a holomorphic function f˜ in X. Since B is a
domain of holomorphy, by the Oka–Cartan Theorem B it follows that f˜
is the restriction to X of some holomorphic function g on B. Therefore,
there are homogeneous polynomials fk of degree k such that
g(z)=
∞∑
k=0
fk(z), z ∈ B,
where the series is convergent uniformly on compact sets of B and thus
the lemma follows. 2
Now denote by Lps (M) the space of measurable functions that satisfy
‖f ‖Lps (M) =
(∫
M
|f (z)|p(1− |z|2)s α(z)∧ α(z)
(−1) n(n+1)2 (2i)n
)1/p
<∞,
and by Aps (M) the subspace of Lps (M) consisting of those holomorphic
functions on M.
THEOREM 3.2. – The weighted Bergman kernel of A2s (M) is given by
the formula
Ks,M(z,w)= 2(−1)
n(n+1)
2 (2i)n0(n+ s)
ω(∂M)(n− 1)!0(s + 1)
×
{
(n− 1)
(1− z •w)n+s +
2(n+ s)z •w
(1− z •w)n+s+1
}
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= 2(−1)
n(n+1)
2 (2i)n0(n+ s)
ω(∂M)(n− 1)!0(s + 1)
×
{
n− 1+ (n+ 1+ 2s)z •w
(1− z •w)n+s+1
}
.
Proof. – Putting together Lemma 3.1 and the identities (2.1) and (2.2),
we obtain
A2s (M)=
∞⊕
k=0
Pk(M),
where the direct sum is orthogonal with respect to the inner product of
A2s (M). Let C(s, k, n) be as in Lemma 2.2. Then each f ∈ A2s (M) is a
sum of a series of homogeneous polynomials fk of degree k, and thus we
have
f (z)=
∞∑
k=0
fk(z)
=
∞∑
k=0
C(s, k, n)
∫
M
(z •w)kfk(w)(1− |w|2)sα(w)∧ α(w)
=
∫
M
Ks(z,w)f (w)
αs(w)∧ αs(w)
(−1) n(n+1)2 (2i)n
,
where
Ks,M(z,w)= (−1) n(n+1)2 (2i)n
∞∑
k=0
C(s, k, n)(z •w)k
= (−1) n(n+1)2 (2i)n
∞∑
k=0
2(n− 1+ 2k)0(s + n+ k)
ω(∂M)0(s + 1)(n− 1)!k! (z •w)
k
= 2(−1)
n(n+1)
2 (2i)n
ω(∂M)(n− 1)!0(s + 1)
∞∑
k=0
(n− 1+ 2k)
× 0(s + n+ k)
k! (z •w)
k.
Using the binomial series expansion, we see that
∞∑
k=0
(n− 1+ 2k)0(s + n+ k)
k! (z •w)
k
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=
∞∑
k=0
(n− 1)0(s + n+ k)
k! (z •w)
k
+2
∞∑
k=1
0(s + n+ k)
(k − 1)! (z •w)
k
= (n− 1)0(n+ s)
(1− z •w)n+s +
2z •w0(n+ s + 1)
(1− z •w)n+s+1
= 0(n+ s)
{
n− 1+ (n+ 1+ 2s)z •w
(1− z •w)n+s+1
}
.
This completes the proof. 2
4. Proper holomorphic mappings from M into B∗ \ {0}
Let Pr :Cn+1→ Cn be the mapping defined by Pr(z1, . . . , zn, zn+1) =
(z1, . . . , zn) and F = Pr|M. Then F :M→ B∗ \ {0} is a proper holomor-
phic mapping of degree 2. We denote by W the branching locus of F .
Then the image F(W) of W under F is an analytic subset of B∗ \ {0}.
We set V := F(W) ∪ {0}. The local inverses φ and ψ of F are given for
z ∈ B∗ \ V by
φ(z)= (z, i√z • z ),(4.1)
ψ(z)= (z,−i√z • z ).(4.2)
In view of Lemma 3.1 of [10], we see that
φ∗(αs)= 1+ n
i
√
z • z
(
1−N2∗ (z)
)s/2
(−1)n dz1 ∧ · · · ∧ dzn,(4.3)
ψ∗(αs)= 1+ n−i√z • z
(
1−N2∗ (z)
)s/2
(−1)n dz1 ∧ · · · ∧ dzn.(4.4)
If f :B∗ →C is a measurable function and if z= (z1, . . . , zn+1) ∈M, we
set
(Tf )(z) := zn+1
(2(n+ 1)2) 1p
(f ◦ F)(z)= zn+1f (z1, . . . , zn)
(2(n+ 1)2) 1p
.(4.5)
LEMMA 4.1. – For each p > 1 and s > −1, the linear operator T is
an isometry from Lp(B∗, |z • z| p−22 dvs(z)) into Lps (M). More precisely,
we have
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∫
M
|(Tf )(z)|p(1− |z|2)s α(z)∧ α(z)
(−1) n(n+1)2 (2i)n
=
∫
B∗
|f (w)|p|w •w| p−22 dvs(w).(4.6)
In addition,
(1) The image Eps (M) ofAps (B∗) under T is a closed proper subspace
of Aps (M) and T is a unitary operator from Aps (B∗) onto Eps (M).
In particular, Aps (B∗) is a Banach space.
(2) If Ps,M : L2s (M)→ A2s (M) is the weighted Bergman projection
with respect to the volume form αs ∧ αs/((−1) n(n+1)2 (2i)n), then
Ps,M ◦ T = T ◦ Ps,B∗,(4.7)
where Ps,B∗ :L2s (B∗)→A2s (B∗) is the weighted Bergman projec-
tion with respect the measure dvs(z).
Proof. – Let φ = (φ1, . . . , φn+1) and ψ = (ψ1, . . . ,ψn+1) be the local
inverses of F defined locally on B∗ \ V . If
f ∈ Lp(B∗, |z • z| p−22 dvs)
then (
1−N∗(z)2)sf ∈ Lp(B∗, |z • z| p−22 dvs),
and∫
M
|zn+1(f ◦ F)(z)|p(1− |z|2)s α(z)∧ α(z)
(−1) n(n+1)2 (2i)n
=
∫
M\W
|zn+1(f ◦ F)(z)|p(1− |z|2)s α(z)∧ α(z)
(−1) n(n+1)2 (2i)n
=
∫
B∗\V
|φn+1(w)f (w)|p(1− |φ(w)|2)s φ∗(α)(w)∧ φ∗(α)(w)
(−1) n(n+1)2 (2i)n
+
∫
B∗\V
|ψn+1(w)f (w)|p(1− |ψ(w)|2)s ψ∗(α)(w)∧ψ∗(α)(w)
(−1) n(n+1)2 (2i)n
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= 2(n+ 1)2
∫
B∗\V
|f (w)|p|w •w| p−22 dvs(w) <∞.
This proves (4.6). To establish part (1) of the lemma, observe by (4.6) that
T is a unitary operator from Aps (B∗) onto Eps (M). Thus it is sufficient to
prove that Eps (M) is a closed proper subspace of Aps (M). Indeed, using
local coordinates inM, it is easy to see that for each compact set E inM,
there is a positive constant C = C(s,p,n,E) such that
sup
z∈E
|g(z)|6 C‖g‖Aps (M)
for all g ∈Aps (M). If D is a compact set in B∗ \ V , then E = F−1(D) is
a compact subset of M \W , due to the fact F is proper. Therefore there
is a positive constant C ′ = C ′(s,p,n,D) such that
sup
z∈D
|f (z)|6C ′‖Tf ‖Aps (M)
for all f ∈Aps (B∗). The latter estimates imply that if g is in the closure of
Eps (M) then there exists f ∈Lps (B∗) such that f is holomorphic on B∗ \V
and g = Tf . Furthermore f is locally in L2(B∗). By E.3.2 in [12] p. 40,
f can be extended holomorphically to B∗, and thus g = Tf ∈ Eps (M).
This proves that Eps (M) is closed in Lps (M). Since Aps (M) contains the
constant functions and Eps (M) does not the proof of part (1) of the lemma
is now complete.
To prove part (2), we proceed as in the proof of Lemma 3.2 of [10]. We
first observe that the lemma holds for holomorphic functions. Indeed, if
f ∈A2s (B∗) then Tf ∈A2s (M) and (4.7) holds at f . To prove the general
case, let f ∈ L2s (M) be a holomorphic function and let g ∈ C∞0 (B∗ \ V )
be a C∞-function with compact support in B∗ \ V . Then by [10, p. 921],
we have
Ps,M
[
zn+1
({(
1−N∗(z)2)−s ∂g
∂wj
}
◦ F
)]
= 0.
It remains to show that
Hs =
{(
1−N2∗
)−s ∂g
∂wj
: g ∈C∞0 (B∗ \ V )
}
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is dense in the orthogonal of A2s (B∗) in L2s (B∗). Let h ∈A2s (B∗)⊥ ∩H⊥s
in L2s (B∗), then for any g ∈ C∞0 (B∗ \ V )∫
B∗
h(w)
∂g
∂wj
dv(w)=
∫
B∗
h(w)
(
1−N2∗
)−s ∂g
∂wj
dvs(w)= 0.
Thus h satisfies the Cauchy–Riemann equations on B∗ \V (in the sense of
distributions). Therefore h is holomorphic in B∗ \ V . Since h ∈ L2s (B∗),
h is also locally in L2s (B∗ \ V ). It follows from E.3.2 in [12, p. 40] that h
extends holomorphically across V in B∗. Hence h≡ 0. 2
LEMMA 4.2. – If φ and ψ are as before, then
zn+1Ks,B∗(F (z),w)
= (n+ 1)2
[
Ks,M(z,φ(w))
φn+1(w)
+ Ks,M(z,ψ(w))
ψn+1(w)
]
, z ∈M,w ∈ B∗.
Proof. – Let w ∈ B∗ \ V and let r > 0 be chosen so that w + r∆n ⊂
B∗ \ V , where ∆ is the unit disc. In view of Remark 6.1.4 in [5], there is
a C∞-function u :Cn→[0,+∞[ such that suppu⊂w+ r∆n and
f (w)=
∫
B∗
f (z)u(z) dv(z)=
∫
B∗
(
1−N2∗ (z)
)−s
f (z)u(z) dvs(z)
for any holomorphic function f in B∗. Therefore,
Ks,B∗( ·,w)= Ps,B∗
((
1−N2∗
)−s
u
)
.
In view of Lemma 4.1, we have that, for z ∈M,
zn+1Ks,B∗(F (z),w)
= (T ◦ Ps,B∗)
((
1−N2∗
)−s
u
)
(z)
= (Ps,M ◦ T )((1−N2∗ )−su)(z)
=
∫
M
ζn+1
(
1− |ζ |2)−su(F(ζ ))Ks,M(z, ζ ) αs(z)∧ αs(z)
(−1) n(n+1)2 (2i)n
= (n+ 1)2
∫
B∗\V
u(η)
[
Ks,M(z,φ(η))
φn+1(η)
+ Ks,M(z,ψ(η))
ψn+1(η)
]
dvs(η)
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= (n+ 1)2
[
Ks,M(z,φ(w))
φn+1(w)
+ Ks,M(z,ψ(w))
ψn+1(w)
]
.
Proof of Theorem A. – By Theorem 3.2, we have
Ks,M(z,w)= Cf (z •w),
where
C = 2(2i)
n(−1) n(n+1)2 0(n+ s)
ω(∂M)(n− 1)!0(s + 1)
and
f (u)= 2(n+ s)
(1− u)n+s+1 −
n+ 1+ 2s
(1− u)n+s ,
so that
Ks,M
(
φ(z),φ(w)
)= Cf (x) and Ks,M(φ(z),ψ(w))=Cf (y),
where
x = z •w+ t, y = z •w− t and t = φn+1(z)φn+1(w).
By Lemma 4.2,
Ks,B∗(z,w)= C(n+ 1)2
[
f (x)− f (y)
t
]
.
Furthermore, if we denote r = 1− z •w, we get
f (x)− f (y)
t
= 2(n+ s)(r + t)
n+1+s − (r − t)n+1+s
t (r2 − t2)n+s+1
− (n+ 1+ 2s)(r + t)
n+s − (r − t)n+s
t (r2 − t2)n+s .
Case 1 (s ∈N). Then a little computing shows that
f (x)− f (y)
t
= 2(n+ s)
(r2 − t2)n+1+s × 2
[
n+s
2
]∑
k=0
(
n+ 1+ s
2k + 1
)
rn+s−2kt2k
− n+ 1+ 2s
(r2 − t2)n+s × 2
[
n+s−1
2
]∑
k=0
(
n+ s
2k + 1
)
rn+s−2k−1t2k.
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Since
( n+s
2k+1
)= n+s−2k
n+s+1
(n+s+1
2k+1
)
, we obtain that
f (x)− f (y)
t
= 2
(r2 − t2)n+1+s
[
n+s
2
]∑
k=0
(
n+ 1+ s
2k + 1
)
rn+s−1−2kt2k
×
[
2(n+ s)r − (n+ 1+ 2s)(n+ s − 2k)
n+ 1+ s (r
2 − t2)
]
.
Thus
f (x)− f (y)
t
= 2
(X2 − Y )n+1+s
[
n+s
2
]∑
k=0
(
n+ 1+ s
2k + 1
)
Xn+s−1−2kY k
×
[
2(n+ s)X− (n+ 1+ 2s)(n+ s − 2k)
n+ 1+ s (X
2 − Y )
]
,
where X = 1− z •w, Y = z • zw •w.
Case 2 (s ∈R \N, s >−1). Then
(r + t)n+1+s − rn+1+s
t
= rn+1+s
(
(1+ t/r)n+1+s − 1
t
)
= r
n+1+s
t
∞∑
k=1
0(k − n− 1− s)
k!0(−n− 1− s)
(−t
r
)k
= rn+1+s
∞∑
k=1
0(k − n− 1− s)
k!0(−n− 1− s) (−1)
k t
k−1
rk
.
Similarly,
(r − t)n+1+s − rn+1+s
t
= rn+1+s
∞∑
k=1
0(k− n− 1− s)
k!0(−n− 1− s)
tk−1
rk
.
This shows that
(r + t)n+1+s − (r − t)n+1+s
t
= (r + t)
n+1+s − rn+1+s
t
− (r − t)
n+1+s − rn+1+s
t
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= rn+1+s
∞∑
k=1
0(k − n− 1− s)
k!0(−n− 1− s)
(
(−1)k − 1) tk−1
rk
=−2rn+1+s
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s)
t2k
r2k+1
=−2
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s)
t2k
r2k−n−s
=−2
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s) t
2krn+s−2k
=−2
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s)Y
kXn+s−2k.
Similarly, we have
(r + t)n+s − (r − t)n+s
t
=−2
∞∑
k=0
0(2k − n− s + 1)
(2k + 1)!0(−n− s)Y
kXn+s−2k−1.
Therefore
f (x)− f (y)
t
=
∞∑
k=0
{
(n+ 2s + 1)0(2k − n− s + 1)
(2k + 1)!0(−n− s) Y
kXn+s−2k−1(X2 − Y )
−2(n+ s)
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s)Y
kXn+s−2k
}
2
(X2 − Y )n+1+s .
Since
0(2k + 1− n− s)
0(−n− s) =
(2k − n− s)0(2k − n− s)
(−n− 1− s)0(−n− 1− s) ,
we get
f (x)− f (y)
t
= 2
(X2 − Y )n+1+s
∞∑
k=0
0(2k − n− s)
(2k + 1)!0(−n− 1− s)Y
kXn+s−2k−1
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×
[
(2k − n− s)(n+ 2s + 1)
(−n− 1− s) (X
2 − Y )− 2(n+ s)X
]
.
2
5. Forelli–Rudin type Estimate
LEMMA 5.1. – Let d ∈ N. For z ∈M, c ∈ R, t >−1, define
Ic(z)=
∫
∂M
|z • ζ |2d
|1− z • ζ |n+c dµ(ζ )
and
Jc,s(z)=
∫
M
|z •w|2d
|1− z •w|n+c+s+1
(
1− |w|2)sα(w)∧ α(w).
When c < 0, then Ic and Jc,s are bounded in M. When c > 0, then
Ic(z)≈ (1− |z|2)−c ≈ Jc,s(z). Finally, I0(z)≈ log 11−|z|2 ≈ J0,t (z).
The symbol u(z) ≈ v(z) means that u(z)/v(z) has finite limit as |z|
tends to 1.
Proof. – Using the binomial series, we write, for λ= (n+ c)/2,
Ic(z)=
∫
∂M
∣∣∣∣ (z • ζ )d(1− z • ζ )λ
∣∣∣∣2 dµ(ζ )
=
∫
∂M
∣∣∣∣∣
∞∑
k=0
0(k+ λ)
k!0(λ) (z • ζ)
k+d
∣∣∣∣∣
2
dµ(ζ ).
By (2.4), the sequence ((z • ζ )k)k∈N is orthogonal in L2(∂M,µ), so that
we have
Ic(z)=
∞∑
k=0
(
0(k+ λ)
k!0(λ)
)2 ∫
∂M
∣∣(z • ζ )k+d ∣∣2 dµ(ζ ).
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By virtue of (2.3), we have∫
∂M
∣∣(z • ζ )k+d ∣∣2 dµ(ζ )= |z|2(k+d)
N(k+ d,n).
Therefore
Ic(z)= |z|2d
∞∑
k=0
(
0(k + λ)
k!0(λ)
)2 |z|2k
N(k + d,n) .
Using Stirling’s formula, we find that(
0(k+ λ)
k!0(λ)
)2
' (kλ−1)2 = kn+c−2
and
N(k+ d,n)' kn−1,
so that (
0(k+ λ)
k!0(λ)
)2
N(k + d,n)−1 ' kc−1.
The symbol ak ' bk means that ak/bk has a finite limit as k→+∞.
So we get, as in [13], the assertions made about Ic(z). Now we use
Lemma 2.1 to handle Jc,s(z). We have
Jc,s(z)≈
1∫
0
(
1− r2)sr2n−3I1+s+c(rz) dr.
Then, expanding I1+s+c as before, we get
Jc,s(z)≈ |z|2d
∞∑
k=0
(
0(k+ λ1)
k!0(λ1)
)2 |z|2k
N(k + d,n)
1∫
0
r2n−3+2d+2k
(
1−r2)s dr,
where 2λ1 = n+ s + c+ 1. As before, we know(
0(k+ λ1)
k!0(λ1)
)2
' (kλ1−1)2 = kn+s+c−1
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and
N(k + d,n)' kn−1.
Moreover,
1∫
0
r2n−3+2d+2k(1− r2)s dr = 1
2
0(n+ d + k − 1)0(s + 1)
0(n+ d + k+ s) ' k
−1−s .
Thus we get again
N(k + d,n)−1
(
0(k+ λ1)
k!0(λ1)
)2 1∫
0
r2n−3+2d+2k
(
1− r2)s dr ' kc−1.
This completes the proof. 2
We have the
THEOREM 5.2. – For 1 6 p <∞, Ps,M is a bounded linear operator
from Lpλ(M) into Apλ(M) if and only if
0< λ+ 1< p(s + 1).
Proof. – First write
Ps,Mf (z)=
∫
M
Ks,M(z,w)
(
1− |w|2)s−λf (w)αλ(w)∧ αλ(w)
(−1) n(n+1)2 (2i)n
.
The proof is similar to the proof of Theorem 7.1.4 in [13]. We will treat
the two cases 1< p <∞ and p = 1 separately.
Case 1 (1< p <∞). If 0< λ+ 1< p(s + 1) then there is r > 0 such
that
0< r <
s + 1
q
and
λ− s
p
< r <
λ+ 1
p
.
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Thus, applying Lemma 5.1 for d = 0, we can find r > 0 such that, for the
function h(z)= (1− |z|2)−r , we have∫
M
(1− |w|2)s−λ
|1− z •w|n+s+1h(w)
q αλ(w)∧ αλ(w)
(−1) n(n+1)2 (2i)n
≈ h(z)q
and ∫
M
(1− |w|2)s−λ
|1− z •w|n+s+1h(z)
p αλ(z)∧ αλ(z)
(−1) n(n+1)2 (2i)n
≈ h(w)p.
Since
∣∣Ks(z,w)(1− |w|2)s−λ∣∣6C(n, s) (1− |w|2)s−λ|1− z •w|n+s+1 ,(5.1)
for some suitable constant C(n, s), we can show that Ps,M is bounded
in this case by Schur’s lemma. Then, when λ+ 1 > p(s + 1), we have
qs − qλ+ λ6−1, so that, for all z ∈M,∫
M
∣∣Ks,M(z,w)(1− |w|2)s−λ∣∣q αλ(w)∧ αλ(w)
(−1) n(n+1)2 (2i)n
= ∣∣C ′(n, s)∣∣ ∫
M
∣∣(n− 1)+ (n+ 1+ 2s)z •w∣∣q
× (1− |w|
2)sq−λq+λ
|1− z •w|(n+1+s)q
α(w)∧ α(w)
(−1) n(n+1)2 (2i)n
=∞,
for some suitable constant C ′(n, s). Hence Tsf fails to exist for some
f ∈Lpλ(M).
Case 2 (p = 1). The condition in Theorem 5.2 becomes λ < s. If λ > s
then, for all z ∈M, the function (1− |z|2)s−λKs,M(z,w) is not bounded
onM. So Tsf fails to exist for some f ∈ L1λ(M). Now, in the case λ6 s,
by duality between L1λ(M) and L∞λ (M), we know that Ps,M is bounded
on L1λ(M) if and only if
sup
w∈M
∫
M
∣∣∣∣Ks,M(z,w)(1− |w|2)s−λ αλ(z)∧ αλ(z)
(−1) n(n+1)2 (2i)n
∣∣∣∣<∞.
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By (5.1) and Lemma 5.1 with d = 0, we find that Ps,M is bounded for
s > λ. Finally, if s = λ, write
Ks,M(z,w)= C ′(n, s)
[
n− 1
(1− z •w)n+s +
2(n+ s)z •w
(1− z •w)n+s+1
]
.
In the one hand, applying the above method, we prove that the integral
operator induced by the kernel n−1
(1−z•w)n+s is bounded. In the other hand,
we have
|z •w|2
|1− z •w|n+c+s+1 6
|z •w|
|(1− z •w)n+s+1|
showing, again by the same method, that the integral operator induced by
the kernel z•w
(1−z•w)n+s+1 is not bounded. Thus Ps,M is not bounded if λ= s.
This completes the proof. 2
Proof of Theorem B. – Let f ∈ Lp(|z • z| p−22 dvλ). By Lemma 4.1, we
have ∫
B∗
|z • z| p−22 ∣∣(Ps,B∗f )(z)∣∣p dvλ(z)
=
∫
M
∣∣T (Ps,B∗f )(w)∣∣p αλ(w)∧ αλ(w)
(−1) n(n+1)2 (2i)n
=
∫
M
∣∣Ps,M(Tf )(w)∣∣p αλ(w)∧ αλ(w)
(−1) n(n+1)2 (2i)n
.
Since Ps,M is bounded and again by Lemma 4.1, we get∫
B∗
|z • z| p−22 ∣∣(Ps,B∗f )(z)∣∣p dvλ(z)
6 ‖Ps,M‖p
∫
M
∣∣Tf (w)∣∣p α(w)λ ∧ αλ(w)
(−1) n(n+1)2 (2i)n
= ‖Ps,M‖p
∫
B∗
|z • z| p−22 ∣∣f (z)∣∣p dvλ(z).
2
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LEMMA 5.3. – Let 1 6 p 6∞. If 0 < λ+ 1 < p(s + 1) then, for all
f ∈Lp(B∗, |z • z| p−22 dvλ) which is holomorphic in B∗, we have
Ps,B∗f = f,(5.2)
Ps,B∗f = f (0).(5.3)
Proof. – LetH∞(B∗) be the space of holomorphic functions which are
bounded in B∗. H∞(B∗) is dense in Lp(B∗, |z • z| p−22 dvλ) ∩ Hol(B∗).
Thus, by Theorem B, it is sufficient to prove (5.2) for f ∈ H∞(B∗).
Since H∞(B∗) ⊂ A2λ(B∗), such an f satisfies the reproducing formula.
Therefore (5.2) follows. Now we prove (5.3). Using the preceding
method, it is sufficient to prove (5.3) for f ∈A2λ(B∗). Also we only need
consider the case f (0) = 0. Now, by Lemma 4.1, it is enough to show
that
Ps,M
(
zn+1(f ◦ F))= 0.
By Lemma 2.1,
Ps,M
(
zn+1(f ◦ F))(z)
=C
1∫
0
t2n−2
(
1− t2)s ∫
∂M
ζn+1f ◦ F(tζ )Ks,M(z, tζ ) dµ(ζ ) dt,
for some suitable constant C. Expanding f and Ks,M in homogeneous
polynomials and using orthogonality, we prove that the integral over ∂M
is always zero. Thus (5.3) follows. 2
Proof of Corollary C. – If we fix p and λ, we can choose a real number
s > −1 such that 0 < λ+ 1 < p(s + 1). Thus, by Theorem B, we have
for all g ∈Lp(B∗, |z • z| p−22 dvλ)
‖Ps,B∗(g)‖p 6 ‖Ps,B∗‖‖g‖p
in the sense of the space Lp(B∗, |z • z| p−22 dvλ). We conclude as in the
proof of Theorem 7.1.5 in [13] using Lemma 5.3. 2
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